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Abstract
A generalization of the Tangherlini solution for the case of n in-
ternal Ricci-flat spaces is obtained. It is shown that in the (2 + d)-
dimensional section a horizon exists only in the trivial case when the
internal-space factors are constant. The p-adic analog of the solution
is also considered.
1. In ref. [1] the Schwarzschild solution is generalized for the case of n
internal Ricci-flat spaces. It was shown that a horizon in the four-dimensional
section of the metric exists only when the internal space scale factors are
constant. This proposition was also suggested in ref. [2], where a special
case of the solution [1] with n = 2 internal spaces (one of which being one
dimensional) was considered.
In this paper we consider exact static, spherically symmetric solutions of
the Einstein equations in (2+ d+N1+ . . .+Nn)-dimensional gravity (d ≥ 2)
with a chain of n Ricci-flat internal spaces. We show that as in the d = 2
case, considered in ref. [1], a horizon is absent in all nontrivial cases. Finally,
we consider a formal analog of the solution for the case of p-adic numbers
[3].
2. We consider the Einstein equations
RMN = 0 (1)
on the D-dimensional manifold
M =M0 ×M1 × . . .×Mn, (2)
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where
dim Mi = Ni, D = 2 + d+
n∑
j=1
Nj, i > 0,
M0 is (2+d)-dimensional space-time (d ≥ 2) and Mi are Ricci-flat manifolds
with the metrics g(i), i = 1, . . . , n. We seek solutions of (1) such that M0 is
static, spherically symmetric (O(d+1)-symmetric), while all the scale factors
exp(βi) of the internal spaces Mi depend on the radial coordinate u, i.e., the
D-metric is
g = − exp[2γ(u)]dt⊗ dt+ exp[2α(u)]du⊗ du
+ exp[2β(u)]dΩ2d +
n∑
i=1
exp[2βi(u)]g(i), (3)
where dΩ2d = g(0) is the standard S
d metric.
If we denote γ = β−1, N−1 = 1 and β = β0, N0 = d and choose the
harmonic radial coordinate u such that α =
∑n
k=−1 βiNi then the Einstein
equations (1) can be written in the form
R11 =
n∑
i=−1
(−β
′′
i + α
′
β
′
i − (β
′
i)
2)Ni = 0,
R00 = exp(2β−1 − 2α)β
′′
−1 = 0,
Rkl = g(0)kl[d− 1− β
′′
0 exp(2β0 − 2α)] = 0.
Rmini = −g(i)miniβ
′′
i exp(2βi − 2α), i = 1, . . . , n. (4)
This set of equations is easily solved, so that the metric g (3) after an
appropriate redefinition of the radial coordinate (u ⇒ R = R(u)) may be
written in the following way,
g = −c2[1− ε(L/R)d−1]adt⊗ dt
+ [1− ε(L/R)d−1](a+b+d−2)/(1−d)dR⊗ dR
+ [1− ε(L/R)d−1](a+b−1)/(1−d)R2dΩ2d
+
n∑
i=1
ci[1− ε(L/R)
d−1]aig(i), (5)
ε = ±1,
2
where L ≥ 0, R > 0 and R > L for ε = +1; L, c 6= 0 and ci 6= 0 are constants,
b =
n∑
i=1
aiNi, (6)
and the constants a, a1, . . . , an satisfy the relation
(a + b)2 + (d− 1)
(
a2 +
n∑
i=1
a2iNi
)
= d. (7)
In the case d = 2 and ε = +1 this solution coincides with that of ref. [1].
In the special case n = 1 and
a =
(
d(d+N1 − 1)
(d− 1)(d+N1)
)1/2
, a1 = −
a
d+N1 − 1
,
this solution was considered earlier in ref. [4]. The case d = 2, n = 1 was
considered in ref. [5], and its scalar-vacuum generalization was obtained in
ref. [6].
3. Let us consider the (2 + d)-dimensional section of the metric (5). In
the case L = 0 the metric is flat, while for L > 0 and
a− 1 = a1 = . . . = an = 0 (8)
it coincides with the Tangherlini solution [7].
Now let us prove that a horizon at R = L (L > 0) takes place only in the
case (8) for ε = +1. Indeed, for the light propagating along a radius from a
place with R = R0 towards the center the coordinate time interval is
t− t0 =
1
c
∫ R0
R
dx[1− (L/R)d−1]λ, (9)
where
λ =
1
2
(
a+ b+ d− 2
1− d
− a
)
. (10)
Relation (7) is equivalent to the identity
(a + b/d)2 = 1−
d− 1
d
n∑
i=1
a2iNi −
b2
d2
(d− 1). (11)
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Let ε = +1. If some ai (i = 1, . . . , n) are nonzero, then by (11) a + b/d < 1
and from (10) λ > −1, hence, the integral (9) converges at R = L. This
means that a radial light beam reaches the surface R = L in a finite time
interval, i.e. it is not a horizon. When ai = 0, i = 1, . . . , n, then a = ±1. For
the Tangherlini case a = +1 we have a horizon (λ = −1), and for a = −1
(λ = 1/(d − 1)) the horizon at R = L is absent. Evidently, for ε = −1 the
horizon at R = L is absent too. This completes the proof.
4. At present there is more interest in considering the physical models
with p-adic numbers [3] instead of real ones. This interest was stimulated
mainly by the pioneering works on p-adic strings [8, 9]. Recently a p-adic
generalization of the classical and quantum gravitational theory was defined
[10] and some solutions of the Einstein equations were considered [10, 11]. In
this section we consider the p-adic analog of the solution (5). Let us briefly
recall the definition of p-adic numbers [3, 12]. Let p be a prime number.
Any rational number a 6= 0 can be represented in the form a = pkm/n,
where the integer numbers m and n are not divisible by p. Then the p-adic
norm is defined as follows: | a |p= p
−k. This norm is non-Archimedean:
| a + b |p≤ max(| a |p, | b |p). The completion of Q with this norm is the
p-adic number field Qp. Any nonzero p-adic number a ∈ Qp can be uniquely
represented as the series
a = pk(a0 + a1p+ a2p
2 + . . .),
where a0 = 1, . . . , p− 1, and ai = 0, . . . , p− 1 for i > 0.
The definitions of derivatives, manifold and tensor analysis in the p-adic
case are similar to those of the real case. The power p-adic function is defined
as follows,
(1 + x)αp ≡ expp{α[logp(1 + x)]}, (12)
where | x |p< 1 and | α |p| x |p< δp. Here δp = 1 for p 6= 2 and δ2 =
1
2
. The
definition is correct, for the functions expp and logp are well defined on the
discs {| x |p< δp} and {| x− 1 |p< 1} respectively [3].
Let us consider the p-adic manifold
Qp ×Q
∗
p × S
d ×M1 × . . .×Mn, (13)
where (Sd, g(0)) is a space of constant curvature
R0ijkl = g
(0)
ik g
(0)
jl − g
(0)
il g
(0)
jk
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[Q∗p ⊂ Qp] and (Mi, g(i)) are Ricci-flat manifolds.
For R 6= 0 and∣∣∣∣LR
∣∣∣∣
d−1
p
< min(1, 1/ | ai |p), i = −2,−1, . . . , n, (14)
with
a−2 =
a+ b+ d− 2
1− d
, a−1 = a, a0 =
a+ b− 1
1− d
,
the metric (5) on the manifold (13) is well defined. Then the Einstein equa-
tions for the metric (5), (14) on the manifold (13) are satisfied identically,
when the parameters a, a1, . . . , an ∈ Qp obey the restriction (7).
This can be easily checked using the identity
[(1 + x)α]
′
= α(1 + x)α/(1 + x),
| x |p, | α |p| x |p< 1 (the verification of (1) in the p-adic case is just the same
as in the real one).
In the d = 2 case this solution was considered earlier in ref. [11]. It was
pointed out that there is an infinite number or rational solutions of (7) in
this case. For example, we may consider the set [11]
a1 =
4k
N1(N1 + 2)k2 + 1
, ai = 0, i > 1,
a =
−2N1k ± [k
2N1(N1 + 2)− 1]
k2N1(N1 + 2) + 1
, k ∈ Z.
In the p-adic case there exist pseudo-constant functions C = C(R) such
that C ′(R) = 0 but C(R) is not identically constant [12]. Such functions
may be used in generalization of well-known solutions of differential equa-
tions. In our case there is also a possibility for the constants c, c1, . . . , cn and
a, a1, . . . , an to be replaced by the pseudo-constants (of course, the restriction
(14) should be preserved).
There is another possibility to generalize the solution (5). We may sup-
pose that the components of the metric gMN belong to some extension of Qp.
It may be the quadratic extension of Qp or even Ωp, which is the completion
of the algebraic closure of Qp [3]. In this case the constants in (5) may belong
to the extension of Qp.
The solution (5) can be also generalized on scalar-vacuum and electro-
vacuum cases. The last generalization for d = 2 is considered in ref. [13].
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